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Abstract
The paper studies the existence of closed invariant subspaces for a Lie algebra L of bounded operators
on an infinite-dimensional Banach space X. It is assumed that L contains a Lie subalgebra L0 that has
a non-trivial closed invariant subspace in X of finite codimension or dimension. It is proved that L itself
has a non-trivial closed invariant subspace in the following two cases: (1) L0 has finite codimension in L
and there are Lie subalgebras L0 = L0 ⊂ L1 ⊂ · · · ⊂ Lp = L such that Li+1 = Li + [Li ,Li+1] for all i;
(2) L0 is a Lie ideal of L and dim(L0) = ∞. These results are applied to the problem of the existence
of non-trivial closed Lie ideals and closed characteristic Lie ideals in an infinite-dimensional Banach Lie
algebra L that contains a non-trivial closed Lie subalgebra of finite codimension.
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The link between the structure of Lie subalgebras and Lie ideals of Lie algebras attracted at-
tention of researchers both in the classical situation of finite-dimensional Lie algebras and in the
general case. Barnes [2] and Towers [20] studied finite-dimensional Lie algebras possessing the
property that all their maximal Lie subalgebras have codimension 1. In [9] the first author consid-
ered finite-dimensional Lie algebras L over C that have “sufficiently” many Lie subalgebras of
codimension 1. Amayo in [1] studied Lie subalgebras L0 of codimension 1 in finite-dimensional
and infinite-dimensional Lie algebras L over a field F . He showed that there is the largest
Lie ideal I (L0) of L contained in L0 and that, for char(F) = 0, either dim(L/I (L0))  3,
or dim(L/I (L0)) = ∞. He also constructed a simple infinite-dimensional Lie algebra L with a
Lie subalgebra L0 of codimension 1, so that I (L0) = {0} and therefore dim(L/I (L0)) = ∞.
The situation changes if L is a complex Banach Lie algebra. The first author in [10] in-
vestigated the structure of Banach Lie algebras L with “sufficiently” many Lie subalgebras of
codimension 1 and showed that dim(L/I (L0)) 3 for each Lie subalgebra L0 of codimension 1.
The question was also raised as to whether dim(L/I (L0)) < ∞ for each closed Lie subalge-
bra L0 of L of finite codimension. In the last section of this paper we show that already when
codim(L0) = 2 the answer to the above question is negative, but nevertheless L in this case has a
closed proper Lie ideal of finite codimension. For comparison it should be noted that associative
algebras A with associative subalgebras A0 of finite codimension always have two-sided ideals
of finite codimension that lie in A0 (Laffey [12]).
Lie subalgebras and Lie ideals of finite codimension of associative Banach algebras and, in
particular, of the algebra C(H) of all compact operators on a separable Hilbert space H, of
Schatten classes Cp, 1  p < ∞, and of uniformly hyperfinite C*-algebras were studied in
[5,13,14].
Note that Lie ideals of Banach Lie algebras L are just invariant subspaces with respect to the
adjoint representation:
ad(a)(x) = [a, x] for a, x ∈ L.
Using this link, we will study the question about the existence of Lie ideals in the much broader
context of Invariant Subspace theory. Throughout the paper X denotes an infinite-dimensional
complex Banach space and B(X) the algebra of all bounded operators on X. A Lie subalgebra
of B(X) is called reducible if it has a non-trivial closed invariant subspace; otherwise, it is irre-
ducible. We consider a Lie subalgebra L of B(X) and assume that it contains a Lie subalgebra
L0 that has a closed invariant subspace X0 in X. We will always assume that X0 is a proper
subspace of X and that L0 is a proper Lie subalgebra of L closed in L:
{0} = X0 = X, {0} = L0 = L and L0 ∩L= L0,
where L0 is the closure of L0 in B(X). We investigate the problem whether L itself has a non-
trivial closed invariant subspace. For finite-dimensional X, the problem has a negative solution.
Indeed, take L= B(X) and L0 = C1.
If L and L0 are associative algebras and L0 has finite codimension in L, then this problem
has a simple positive solution (see Section 8) based on the already mentioned result of [12]. If,
however, both of them are Lie algebras, then the problem is much more delicate and requires a
more careful investigation. Beltit¸a˘ and S¸abac [3] proved that L is reducible in the case when it
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[19] proved this in the case when L contains a finite-dimensional Lie ideal of compact operators.
Another sufficient condition of reducibility of L considered in [19, Theorem 1.1] is the assump-
tion that L consists of compact operators and L0 is a Lie ideal of L of some special type: for
example, it is E-solvable, or consists of quasinilpotent operators (a Volterra Lie ideal).
In this paper we neither assume that a Lie algebra L consists of compact operators, nor that
L0 is a Lie ideal of a special type. Instead, we assume that L0 has a closed invariant subspace
X0 in X of finite codimension (sometimes these assumptions can be weakened). Our approach is
based on the study of the natural representation θ of L0 on the quotient space L/L0. To describe
the results we need the following definition.
Definition 1.1. (i) A Lie subalgebra L0 of a Lie algebra L is called non-degenerate in L, if L0
has finite codimension in L and L= L0 + [L0,L].
(ii) A Lie subalgebra L0 is related to L, if there are Lie subalgebras L0 = L0 ⊆ L1 ⊆ · · · ⊆
Lp = L such that Li is non-degenerate in Li+1.
The term “non-degenerate” in (i) is due to the fact that L0 is non-degenerate if and only if the
representation θ is non-degenerate: θ(L0)(L/L0) = L/L0. Note also that if L0 lies in a Lie ideal
of L, then L0 is not related to L.
We will prove that L is reducible in two “opposite extreme” cases:
Case 1. L0 is related to L;
Case 2. L0 is a Lie ideal of L and dim(L0) = ∞.
Moreover, in Case 1 (see Section 5) a non-trivial closed invariant subspace Y of L can be
chosen so that codim(Y ) < ∞ and Y ⊆ X0. In particular, if L0 is a Lie subalgebra (and not a Lie
ideal) of codimension 1 and codim(X0) < ∞, then L always has a non-trivial closed invariant
subspace of finite codimension contained in X0.
In Case 2 (see Section 6) L may have no invariant subspaces of finite codimension. However,
if X0 is a maximal subspace invariant for L0, then the subspace Y can be chosen so that it lies
in X0 (if L0 has a non-trivial closed invariant subspace of finite codimension, it has a maximal
one).
We will construct examples which show that if the conditions in Cases 1 and 2 are weakened
in some way, then L may become irreducible; or even if it has invariant subspaces, they do not
necessarily lie in X0. For example, it follows from Example 9.6 that if codim(X0) < ∞ and
codim(L0) < ∞, but [L0,L] +L0 = L (cf. Case 1), then non-trivial closed subspaces invariant
for L (even if they exist) may not lie in X0. We also show in Example 6.6 that if L0 is a Lie ideal
of L but either dim(L0) < ∞ or codim(X0) = ∞ (cf. Case 2), then L may be irreducible.
In Section 7 we consider the case when X0 is a finite-dimensional subspace invariant for L0.
Using duality, we establish that L has a non-trivial closed invariant subspace that contains X0, if
either L0 is related to L, or L0 is an infinite-dimensional Lie ideal of L.
In Section 8 we combine the results of the previous sections and study the case when L0 ⊆
L ⊆ L are Lie subalgebras of B(X), dim(L0) = ∞ and L0 has a closed invariant subspace of
finite codimension or dimension. We show that if L0 is related to L while L is a Lie ideal of L,
or if L0 is a Lie ideal of L while L is related to L, then L is reducible. We also consider the
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module over L0.
In the last section we apply the results of the previous sections to the problem of the existence
of Lie ideals in infinite-dimensional Banach Lie algebras L with closed Lie subalgebras L0 of
finite codimension. We show that if L0 is related to L, then L has a closed Lie ideal of finite
codimension contained in L0. From this we infer that if codim(L0)  2, then L always has a
closed Lie ideal K of finite codimension and, if codim(L0) = 1 then K⊆ L0 and codim(K) 3.
The question whether L always has a closed ideal if codim(L0) > 2 is still open. Moreover, we
show in Corollary 9.5 that if codim(L0) 2 then even if L has a non-trivial closed Lie ideal, it
does not necessarily lie in L0.
At the end of Section 9 we prove that if an infinite-dimensional, non-commutative Banach
Lie algebra L has a proper closed Lie subalgebra related to L, or a non-trivial closed Lie ideal
of finite codimension or dimension, then it has a closed characteristic Lie ideal—the Lie ideal
invariant for all bounded derivations of L.
Sections 2 and 3 contain some results about finite-dimensional representations of Lie algebras
that we use in later sections (in spite of the general character of these results we could not find
them in the literature).
In Section 4 we introduce and study properties of (L,X0)-filtrations of Banach spaces X with
respect to closed subspaces X0 of X and Lie subalgebras L of B(X). These filtrations provide
one of the main tools for our study of invariant subspaces of L.
2. Eigen-representations and non-degenerate representations of Lie algebras on
finite-dimensional spaces
Throughout this section V is a finite-dimensional linear space. Let L0 be a Lie algebra. A rep-
resentation θ of L0 on V is a Lie homomorphism from L0 into the algebra L(V ) of all operators
on V. It is irreducible, if the Lie subalgebra θ(L0) of L(V ) has no non-zero invariant proper
subspaces in V. It is cyclic if there is u ∈ V such that V = θ(L0)u. A representation of a Lie
algebra can be irreducible but not cyclic; it can also be cyclic but not irreducible.
Example 2.1. Consider the algebra M3(C) of all 3 × 3 matrices as the algebra of all operators
on a 3-dimensional space V . Then L1 = {A = (aij ) ∈ M3(C): ai1 = ai2 = 0 for all i} and L2 =
{A ∈ M3(C): At = −A}, where At is the transposed matrix, are Lie subalgebras of M3(C).
Clearly, the identity representation of L1 is cyclic but not irreducible.
On the other hand, the identity representation of L2 is irreducible but not cyclic. Indeed,
the enveloping algebra of L2 coincides with M3(C). Thus the identity representation of L2 is
irreducible. Let us show that it is not cyclic. Consider u ∈ V as a 3 × 1 matrix and denote
by ut its transposed matrix. Then utAu ∈ C for A ∈ L2. As (utAu)t = utAtu = −utAu, we
have utAu = 0 for all A ∈ L2 and u ∈ V. Fix u. As utAu = 0, for all A ∈ L2, we have that
dim(L2u) 2, so that the identity representation of L2 is not cyclic.
For 0 = λ ∈ C, set Eλ = {x ∈ V : θ(h)x = λx for some h ∈ L0}. Denote by Vλ the linear span
in V of all elements in Eλ and by Ve the linear span of all elements from all Eλ, 0 = λ ∈ C.
For a subset U of V, denote by θ(L0)U the linear span of all θ(h)u, where h ∈ L0, u ∈ U.
Lemma 2.2. For all 0 = λ ∈ C, we have θ(L0)Vλ = Vλ and θ(L0)Ve = Ve.
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where ad(b)(a) = [b, a]. Let x ∈ Eλ and ax = λx for some a ∈ L. Then(
exp(tb)a exp(−tb)) exp(tb)x = exp(tb)ax = λ exp(tb)x.
Hence exp(tb)x ∈ Eλ, so that bx = limt→0 1t (exp(tb)x − x) ∈ Vλ. Thus Vλ is invariant for L.
As Eλ ⊆ LEλ, we have LVλ = Vλ. Therefore LVe = Ve. 
Definition 2.3. Let θ be a representation of a Lie algebra L0 on V.
(i) θ is nilpotent if θ(h) is nilpotent for each h ∈ L0, that is, θ(h)n = 0 for some n that depends
on h.
(ii) θ is an eigen-representation if V = Ve .
(iii) θ is non-degenerate if θ(L0)V = V.
Clearly, θ is nilpotent if and only if all operators θ(h), h ∈ L0, have only zero eigenvalues.
Proposition 2.4. Every representation of a Lie algebra on a finite-dimensional space that de-
composes into the direct sum of non-zero irreducible or cyclic representations is an eigen-
representation.
Proof. Let θ be a representation of L0 on V and dim(V ) = n. Set L = θ(L0).
(1) If θ is irreducible then, by Lemma 2.2, either Ve = {0} or Ve = V. In the first case all
eigenvalues of all a ∈ L are zero. Hence all a are nilpotent, that is, an = 0. By Engel’s theorem,
there is 0 = x ∈ V such that ax = 0 for all a ∈ L. As L has no invariant subspaces in V, V = Cx
and L = {0}, so θ is the zero representation. Thus Ve = V, so θ is an eigen-representation.
(2) If θ is cyclic then Lu = V for some u ∈ V. Then u ∈ Ve. By Lemma 2.2, V = Lu ⊆
LVe ⊆ Ve. Hence Ve = V, so θ is an eigen-representation.
The general case follows immediately from (1) and (2). 
Proposition 2.5. A representation θ of L0 on V is nilpotent if and only if V has no non-zero
subspaces M invariant for θ(L0) such that the restrictions of θ to M are non-degenerate.
Proof. By Lemma 2.2, the restriction of θ to each Vλ is non-degenerate. If V has no non-zero
subspaces invariant for θ(L0) such that the restrictions of θ to them are non-degenerate, all
Vλ = {0}. Thus all θ(h), h ∈ L0, have only zero eigenvalues, so that θ is nilpotent.
Conversely, if θ is nilpotent, its restriction θM to any invariant subspace M of V is nilpotent.
It follows from the Engel theorem (see [8, Theorem II.2.1′]) that there are subspaces {0} = V0 ⊂
V1 ⊂ · · · ⊂ Vp = M invariant for θ such that each quotient representation of L0 on Vi/Vi−1 is a
one dimensional zero representation. Hence θ(L0)M = M . 
Let subspaces K and M of V be invariant for a representation θ of L0 and K ⊂ M. We will
call the corresponding representation of L0 on the quotient space M/K a quotient representation.
Theorem 2.6. Let θ be a representation of L0 on V . The following conditions are equivalent:
(i) V has no subspaces M = V invariant for θ(L0) such that the quotient representations of
L0 on V/M are nilpotent;
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(iii) there are subspaces {0} = V0 ⊂ V1 ⊂ · · · ⊂ Vp = V invariant for θ such that each quotient
representation θi of L0 on Vi/Vi−1 is an eigen-representation.
Proof. (i) ⇒ (iii). As θ is not nilpotent, there is h ∈ L0 with a non-zero eigenvalue. Hence
Ve = {0}. Set V1 = Ve. By Lemma 2.2, V1 is invariant for θ and θ1 = θ |V1 is an eigen-
representation. The quotient representation ψ of L0 on V/V1 is not nilpotent, so (V/V1)e = {0}.
By Lemma 2.2, (V/V1)e is invariant for ψ and ψ |(V/V1)e is an eigen-representation. Let V2 be
the subspace of V such that V1 ⊂ V2 and V2/V1 is isomorphic to (V/V1)e. Then V2 is invariant
for θ and the quotient representation θ2 on V2/V1 is equivalent to ψ |(V/V1)e and, therefore, is an
eigen-representation. Continuing this process, we conclude the proof.
(iii) ⇒ (ii). As θi are eigen-representations, θ(L0)V1 = θ1(L0)V1 = V1 and θi(L0)(Vi/Vi−1) =
Vi/Vi−1, for i > 1. Therefore θ(L0)Vi = Vi, for all i. So θ(L0)V = θ(L0)Vp = Vp = V.
(ii) ⇒ (i). Suppose that there is a subspace M in V invariant for θ such that the quotient
representation θ˜ of L0 on V/M is nilpotent. By Proposition 2.5, θ˜ is not non-degenerate. Hence
θ˜ (L0)(V/M) = V/M. Therefore θ(L0)V = V . 
3. Nilpotent part of spaces of commuting operators
Let X be a Banach space and let M be a linear subspace of B(X) that consists of mutually
commuting operators. Denote by NM the set of all nilpotent operators in M :
NM =
{
A ∈ M: An = 0 for some n that depends on A}. (3.1)
As operators in M commute, NM is a linear subspace of M . Let M be the closure of M . For
n ∈ N, let Mn be the linear subspace of B(X) generated by all products of n elements from M.
Proposition 3.1. Let B ∈ B(X) be such that [B,A] ∈ M for all A ∈ M . Then
(i) [B,Y ] ∈ NM for all Y ∈ NM.
(ii) If [B,A] − μA ∈ NM, for some A ∈ M and μ = 0, then An ∈ NMn for some n. If
dim(M) < ∞ then A ∈ NM.
Proof. For S ∈ B(X), denote by δS the operator on B(X) that acts by the formula δS(C) = [S,C]
for C ∈ B(X).
Let Y ∈ NM. As δY (B) = [Y,B] ∈ M, we have δ2Y (B) = [Y, [Y,B]] = 0. The fact that [Y,B]
is nilpotent, if [Y, [Y,B]] = 0 and Y is nilpotent is well known (see [7]); we will give the proof
of it for the sake of completeness. Since Y k = 0, for some k, and all terms in δ2k−1Y (C), for each
C ∈ B(X), contain Ym with m k, we have δ2k−1Y (C) = 0. Then (see [6, p. 335]), n!(δY (B))n =
δnY (B
n) for all n. Hence (δY (B))2k−1 = 0. Thus [Y,B] ∈ NM. Part (i) is proved.
Assume now that δB(A) = μA+ Y , where Y ∈ NM and μ = 0. As δB is a derivation,
δB(CD) = CδB(D) + δB(C)D for C,D ∈ B(X). (3.2)
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we obtain that δB(An) = nAn−1δB(A). Hence
δB
(
An
)= nμAn + nAn−1Y. (3.3)
As ‖δB‖  2‖B‖ and μ = 0, the operator Tn = δB − nμ1 on B(X) is invertible for n > 2‖B‖μ .
Fix such an n. All operators of Mn mutually commute. As δB is bounded and maps M into itself,
it follows from (3.2) that δB also maps Mn into itself.
Applying (i) to Mn, we have that δB maps NMn into itself. As T −1n = −nμ
∑∞
k=0 δkB/(nμ)k,
it maps NMn into itself. By (3.3), Tn(An) = nAn−1Y. Since Y ∈ NM, there are Yp ∈ NM that
converge to Y . As A and Yp commute, all nAn−1Yp ∈ NMn. Hence nAn−1Y ∈ NMn. Therefore
An ∈ NMn.
If dim(M) < ∞, then NMn = NMn. Hence A is nilpotent, so that A ∈ NM. 
Let V be a finite-dimensional space and assume that there is a linear map u → Eu from V
into B(X) such that
EvEu = EuEv for all u,v ∈ V.
Set
V nil = {u ∈ V : Eu is nilpotent}. (3.4)
Then V nil is a linear subspace of V .
Let θ be a representation of a Lie algebra L0 on V and let ρ be a representation of L0 on X
that satisfy
[
ρ(h),Eu
]= Eθ(h)u for h ∈ L0 and u ∈ V. (3.5)
Proposition 3.2.
(i) The subspace V nil is invariant for all θ(h), h ∈ L0.
(ii) Let u ∈ V and let there exist h ∈ L0 such that θ(h)u − μu ∈ V nil, for some μ = 0. Then
u ∈ V nil.
Proof. M = {Eu: u ∈ V } is a finite-dimensional linear subspace of B(X), all its elements com-
mute and NM = {Eu: u ∈ V nil}. Hence part (i) follows from (3.5) and Proposition 3.1(i).
If θ(h)u − μu ∈ V nil, for some μ = 0, then [ρ(h),Eu] = Eθ(h)u = μEu + Ev, where v ∈
V nil. Hence part (ii) follows from Proposition 3.1(ii). 
Corollary 3.3. If θ is non-degenerate then V = V nil.
Proof. If V = V nil, it follows from Proposition 3.2 that the quotient representation θ˜ of L0 on
V/V nil is such that each θ˜ (h), h ∈ L0, has only zero eigenvalues. Hence θ˜ is nilpotent. By
Theorem 2.6, θ is not non-degenerate. This contradiction shows that V = V nil. 
330 E. Kissin et al. / Journal of Functional Analysis 256 (2009) 323–3514. Filtrations of spaces and Lie algebras
Let L be a Lie algebra of bounded operators on a Banach space X, that is, a linear subspace
of B(X) closed under the Lie multiplication [a, b] = ab − ba. For linear subspaces K and M
of L, set
[K,M] = span{[b, a]: b ∈K, a ∈M} and KM= span{ba: b ∈K, a ∈M}.
If [K,L] ⊆K then K is a Lie ideal of L; in this case we will write K L. Let Y be a subspace
of X and x ∈ X. Set
Lx = {ax: a ∈ L} and LY = span{ax: a ∈ L, x ∈ Y }.
The subspace Y is called invariant for L if LY ⊆ Y.
Throughout the paper X0 will be a proper subspace of X. Set X−1 = X and
Xn = {x ∈ Xn−1: Lx ⊆ Xn−1} for n 1. (4.1)
Then Xn ⊆ Xn−1 and, for n 1, Xn is the largest linear subspace of Xn−1 such that
LXn ⊆ Xn−1. (4.2)
We denote by N the set of all non-negative integers.
Definition 4.1. The decreasing sequence {Xn}∞n=−1 of subspaces of X constructed in (4.1) is
called (L,X0)-filtration of X. A filtration is non-trivial if Xn = {0} for all n ∈ N.
For a non-trivial filtration {Xn} of X, the following three cases are possible:
(1) Xn = Xn+1, for some n;
(2) ⋂Xn = {0} and all Xn are distinct;
(3) ⋂Xn = {0}.
In Cases 1 and 2 the subspace
⋂
Xn is non-zero and invariant for L.
Throughout the paper L0 will be a proper Lie subalgebra of L that leaves X0 invariant and we
assume that L0 is closed in L: L0 ∩L= L0. Set
L1 =
{
b ∈ L0: [b,L] ⊆ L0
}
and Z(L,L0,X0) = {b ∈ L1: bX ⊆ X0}. (4.3)
We will often write Z(L) instead of Z(L,L0,X0).
Lemma 4.2. Let {Xn} be (L,X0)-filtration of X. Then
(i) L0Xn ⊆ Xn and Z(L)Xn ⊆ Xn+1 for n ∈ N ∪ {−1}.
(ii) Z(L) L0.
(iii) Let q = codim(L0) < ∞ and p = codim(X0) < ∞. Then dim(L0/Z(L)) < ∞ and
dim(Xn−1/Xn) pqn.
(iv) If X0 is a closed subspace of X, then all Xn are closed subspaces of X.
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LL0Xn ⊆ L0LXn + [L,L0]Xn ⊆ L0Xn−1 +LXn ⊆ L0Xn−1 +Xn−1. (4.4)
Assume, by induction, that L0Xi ⊆ Xi for all i  n−1. Then it follows from (4.4) that LL0Xn ⊆
Xn−1. Hence, by (4.2), L0Xn ⊆ Xn.
Set Z = Z(L). As Z ⊆ L1 and [L1,L] ⊆ L0, we have [Z,L] ⊆ L0. Hence
LZXn ⊆ ZLXn + [L,Z]Xn ⊆ ZXn−1 +L0Xn ⊆ ZXn−1 +Xn. (4.5)
Then LZX0 ⊆ ZX + X0 ⊆ X0. Using this and (4.5), we obtain by induction that LZXn ⊆ Xn.
Therefore, by (4.2), ZXn ⊆ Xn+1. Part (i) is proved.
As Z ⊆ L1 and L1  L0, [L0,Z] ⊆ [L0,L1] ⊆ L1. Also
[L0,Z]X ⊆ L0ZX +ZL0X ⊆ L0X0 +ZX ⊆ X0 +X0 = X0.
Thus [L0,Z] ⊆ Z, so that Z  L0. Part (ii) is proved.
There are {ei}qi=1 in L\L0 such that L= L0Ce1 · · ·Ceq . Set pn = dim(Xn−1/Xn). Fix
i and assume that pn < ∞. By (4.2), ei(Xn) ⊆ Xn−1. Hence the subspace Li = {x ∈ Xn: eix ∈
Xn} has codimension in Xn less or equal to pn. As Xn+1 ⊆ Xn and L0Xn ⊆ Xn,
Xn+1 = {x ∈ Xn: Lx ⊆ Xn} = {x ∈ Xn: eix ∈ Xn for i = 1, . . . , q} =
q⋂
i=1
Li
has codimension in Xn less or equal to qpn. Hence pn+1  qpn, so pn  pqn.
Let Y be a subspace of X such that X = X0 Y. Then dim(Y ) = p. As L1X0 ⊆ L0X0 ⊆ X0,
we have that Z = {b ∈ L1: bY ⊆ X0}. Therefore there is an injective linear map from L1/Z into
the algebra of all operators on Y. Hence dim(L1/Z) p2.
Let us show now that dim(L0/L1) < ∞. Fix i. Then [L0, ei] ⊆ L and the subspace {b ∈
L0: [b, ei] ∈ L0} has a finite codimension in L0. Hence L1 has finite codimension in L0, as
L1 =
{
b ∈ L0: [b,L] ⊆ L0
}= {b ∈ L0: [b, ei] ⊆ L0 for i = 1, . . . , q}
=
q⋂
i=1
{
b ∈ L0: [b, ei] ⊆ L0
}
.
Thus dim(L0/Z) = dim(L0/L1)+ dim(L1/Z) < ∞. Part (iii) is proved.
Finally, let X0 be closed. Let xk ∈ Xn and xk → x. Then x ∈ X0 and, for each a ∈ L, ‖ax −
axk‖ ‖a‖‖x − xk‖ → 0. Assume, by induction, that Xn−1 is closed. As axk ∈ Xn−1, we have
that ax ∈ Xn−1. Hence, by (4.2), x ∈ Xn. Thus Xn is closed. 
For n ∈ N (cf. (4.3)), set
Ln =
{
b ∈ L0: [b,L] ⊆ Ln−1
}
, so Ln ⊆ Ln−1 and [L,Ln] ⊆ Ln−1. (4.6)
The sequence {Ln} of Lie subalgebras of L is called L0-filtration of L (see [11]). We will con-
sider now the action of Lie subalgebras Lp on subspaces Xn.
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filtration of L. If LmX ⊆ X0, for some m 1, then
LpXn ⊆ Xp−m+n+1 when p + nm− 1. (4.7)
Proof. We have from (4.6) that LLm ⊆ LmL + [L,Lm] ⊆ LmL + L0, for all n. Therefore
LLmX0 ⊆ LmX + L0X0 ⊆ X0, so (4.2) implies LmX0 ⊆ X1. Assume that LmXk ⊆ Xk+1, for
some k  0. Then, by Lemma 4.2(i), LLmXk+1 ⊆ LmLXk+1 + L0Xk+1 ⊆ LmXk +L0Xk+1 ⊆
Xk+1. Hence LmXk+1 ⊆ Xk+2. By induction, LmXn ⊆ Xn+1 for all n, so (4.7) holds for p = m.
Assume now that (4.7) holds for some p = k m and all n ∈ N. By (4.6),
LLk+1 ⊆ Lk+1L+ [L,Lk+1] ⊆ Lk+1L+Lk. (4.8)
Hence LLk+1X−1 ⊆ LkX−1 ⊆ Xk−m, so, by (4.2), Lk+1X ⊆ Xk−m+1. Using (4.8), we have
LLk+1X0 ⊆ Lk+1X +LkX0 ⊆ Xk−m+1. Hence, by (4.2), Lk+1X0 ⊆ X(k+1)−m+1. Assume that
Lk+1Xl ⊆ X(k+1)−m+l+1, for some l  0. Then, by (4.8), LLk+1Xl+1 ⊆ Lk+1Xl + LkXl+1 ⊆
X(k+1)−m+l+1, whence Lk+1Xl+1 ⊆ X(k+1)−m+l+1. By induction, Lk+1Xn ⊆ X(k+1)−m+n+1,
for all n−1, so (4.7) holds for p = k + 1. Thus, by induction, (4.7) holds for all p m and
n−1.
Let 0 p < m. Then LpXn ⊆ L0Xn ⊆ Xn ⊆ Xp−m+n+1, as p − m + n + 1 n. If p = −1
then L−1Xn ⊆ LXn ⊆ Xn−1 ⊆ Xp−m+n+1, as p −m+ n+ 1 = n−m n− 1. 
Given a Lie algebra L and its subalgebra L0, we can consider L as a space X and L0 as its
subspace X0. Let ad(L) = {ad(a): a ∈ L} be the Lie algebra of operators on L where each ad(a)
acts by ad(a)x = [a, x] for x ∈ L. Lemmas 4.2 and 4.3 yield (cf. [11]):
Corollary 4.4. Let L0 be a Lie subalgebra of L and {Ln} be L0-filtration of L. Then
(i) {Ln} coincides with (ad(L),L0)-filtration of L considered as a space and Z(ad(L),
ad(L0),L0) = ad(L1);
(ii) {ad(Ln)} is ad(L0)-filtration of ad(L);
(iii) Ln are Lie ideals of L0 and [Lp,Ln] ⊆ Lp+n for −1 p + n;
(iv) If q = codim(L0) < ∞ then dim(Ln−1/Ln) qn+1.
Let L be a subspace of B(X) and let X0 be invariant for L. Denote by Lk, k  1, the linear
subspace of B(X) generated by all products a1 · · · · · ak , ai ∈ L. We say that L is operator-
nilpotent (to distinguish it from Lie nilpotency) on X0 if LkX0 = {0} for some k  1.
We will consider now some cases when (L,X0)-filtration of X is non-trivial.
Corollary 4.5. Let X0 be invariant for L0, let {Xn} be (L,X0)-filtration of X and {Ln} be L0-
filtration of L. The filtration {Xn} is non-trivial if one of the following conditions holds:
(i) codim(L0) < ∞ and codim(X0) < ∞;
(ii) Lm ⊆ Z(L,L0,X0), for some m 1, and Lm is not operator-nilpotent on X0;
(iii) Lm ⊆ Z(L,L0,X0), for some m 1, and Lp|X0 = {0} for all p m.
Proof. Part (i) follows from Lemma 4.2(iv).
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{0} = LnmX0 = Ln−1m (LmX0) ⊆ Ln−1m X1 = Ln−2m (LmX1) ⊆ Ln−2m X2 = · · · ⊆ LmXn−1 ⊆ Xn.
If Lp|X0 = {0} for all p m, it follows from (4.7) that {0} = LpX0 ⊆ Xp−m+1. Hence in both
cases Xn = {0} for all n. 
Let, for example, X = L and X0 = L0. By Corollary 4.4(i), Z(ad(L)) = ad(L1). If ad(L1)
is not operator-nilpotent on L0, it follows from Corollary 4.5(ii) that the filtration {Ln} is non-
trivial.
5. Invariant subspaces of operator Lie algebras: the case when L0 is related to L
Recall that a Lie subalgebra of B(X) is reducible if it has a non-trivial closed invariant sub-
space. In this section L is a Lie subalgebra (not necessarily infinite-dimensional) of B(X) and L0
is a non-trivial reducible Lie subalgebra of L of finite codimension. As L0 and L0 have the same
closed invariant subspaces, we assume without loss of generality that L0 ∩ L = L0 (otherwise,
we replace L0 by L0 ∩L).
Let φ be the canonical linear map from L onto L/L0. For each a ∈ L0, denote by θ(a) the
operator on L/L0 defined by
θ(a)φ(e) = φ([a, e]), for e ∈ L. (5.1)
Then θ : a → θ(a) is a representation of L0 on L/L0 and Ker(θ) = L1. It is easy to see that
θ is non-degenerate (Definition 2.3) ⇔ L0 is non-degenerate in L (Definition 1.1). (5.2)
Let X0 be a closed subspace of X invariant for L0. Set X−1 = X and let {Xn}∞n=−1 be (L,X0)-
filtration of X. For each n ∈ N ∪ {−1}, X̂n = Xn/Xn+1 is a Banach space. Denote by τn the
canonical map from Xn onto X̂n. By Lemma 4.2, there is a representation ρn of L0 on X̂n
defined by
ρn(h)τn(x) = τn(hx), for h ∈ L0, x ∈ Xn. (5.3)
Each e ∈ L defines operators Een, for all n ∈ N, from X̂n into X̂n−1 by the formula
Eenτn(x) = τn−1(ex), where x ∈ Xn. (5.4)
The maps e ∈ L → Een are linear. By (4.1), for each 0 = x ∈ Xn \ Xn+1, n ∈ N, there is e ∈ L
such that τn−1(ex) = 0. From this, from (5.4) and Lemma 4.2 it follows that
Een = 0 if e ∈ L0, and
⋂{
KerEen: e ∈ L
}= {0} for all n ∈ N. (5.5)
For each u = φ(e) ∈ L/L0 and n ∈ N, set
Eun = Een. (5.6)
As Ee = 0 if e ∈ L0, the linear maps u → Eu are well defined on L/L0 for all n.n n
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ρn−1(h)Eenτn(x) = ρn−1(h)τn−1(ex) = τn−1(hex) = τn−1
([h, e]x)+ τn−1(ehx)
= E[h,e]n τn(x)+Eenρn(h)τn(x).
From this and from (5.5) we obtain that
ρn−1(h)Eun = Eunρn(h) +Eθ(h)un for h ∈ L0 and u ∈ L/L0; (5.7)⋂{
KerEun : u ∈ L/L0
}= {0} for all n ∈ N. (5.8)
Lemma 5.1.
(i) Z(L) = L1 ∩ Ker(ρ−1) ⊆ Ker(ρn) and ‖ρn(h)‖ ‖h‖ for all n ∈ N and h ∈ L0.
(ii) Eun ∈ B(X̂n, X̂n−1) and ‖Eun‖ ‖e‖ if u = φ(e).
(iii) EunEvn+1 = EvnEun+1 for all n ∈ N and u,v ∈ L/L0.
Proof. Part (i) follows from Lemma 4.2(i) and the fact that, for all x ∈ Xn,
∥∥ρn(h)τn(x)∥∥X̂n = ∥∥τn(hx)∥∥X̂n = infy∈Xn+1 ‖hx + y‖X  infy∈Xn+1
∥∥h(x + y)∥∥
X
 inf
y∈Xn+1
‖h‖‖x + y‖X = ‖h‖
∥∥τn(x)∥∥X̂n .
We have that ‖Eun‖ ‖e‖, where u = φ(e) and e ∈ L, since for x ∈ Xn,
∥∥Eφ(e)n τn(x)∥∥X̂n−1 = ∥∥τn−1(ex)∥∥X̂n−1 = infy∈Xn ‖ex + y‖X  infz∈Xn+1
∥∥e(x + z)∥∥
X
 inf
z∈Xn+1
‖e‖‖x + z‖X = ‖e‖
∥∥τn(x)∥∥X̂n .
Let u = φ(e) and v = φ(e′), for some e, e′ ∈ L. By (4.2), τn−1(ax) = 0 for all x ∈ Xn+1,
a ∈ L and n ∈ N. As L is a Lie algebra, [e, e′] ∈ L, so
(
EenE
e′
n+1 −Ee
′
n E
e
n+1
)
τn+1(x) = τn−1
([e, e′]x)= 0.
This proves that EunEvn+1 = EvnEun+1. 
Note that the condition that L is a Lie algebra and not just a module over a Lie algebra L0 is
important and used in the proof of part (iii) of the above lemma.
Let M = {0} be a subspace of L/L0. For all n ∈ N, set
Kern
({0})= X̂n and Kern(M) =⋂{Ker(Eun): u ∈ M}. (5.9)
Then Kern(M) ⊆ X̂n. If M ⊆ M ′ then Kern(M ′) ⊆ Kern(M) for all n.
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(i) If M is invariant for θ(h) then Kern(M) is a closed subspace of X̂n invariant for ρn(h).
(ii) Each Evn, v ∈ L/L0, maps Kern(M) into Kern−1(M).
(iii) If Kern(M) = {0}, for some n 0, then Kern+1(M) = {0}.
Proof. As each Eun, u ∈ L/L0, is a bounded operator on X̂n, Ker(Eun) is a closed subspace
of X̂n. Hence Kern(M) is a closed subspace of X̂n. Let u ∈ M. Since M is invariant for θ(h),
θ(h)u ∈ M . If ξ ∈ Kern(M), then Eunξ = 0 and Eθ(h)un ξ = 0. Hence it follows from (5.7) that
Eunρn(h)ξ = ρn−1(h)Eunξ −Eθ(h)un ξ = 0.
Therefore ρn(h)ξ ∈ Kern(M), so Kern(M) is invariant for ρn(h). Part (i) is proved.
By Lemma 5.1(iii), Eun−1Evnξ = Evn−1Eunξ = 0, for ξ ∈ Kern(M), u ∈ M and v ∈ L/L0.
Hence Evn maps Kern(M) into Kern−1(M).
By (5.8), for each 0 = ξ ∈ X̂n+1, there is v ∈ L/L0 such that Evn+1ξ = 0. If {0} = ξ ∈
Kern+1(M) then, by (ii), 0 = Evn+1ξ ∈ Kern(M). 
Proposition 5.3. Let M ⊂ K be subspaces of L/L0 invariant for θ, q = dim(K/M) < ∞. Let
the quotient representation θ |K/M of L0 on K/M be an eigen-representation. If Kerm(K) = {0}
for some m, then there is r ∈ N such that Kern(M) = {0} for n r.
Proof. As θ |K/M is an eigen-representation, there are {ui}qi=1 in K \ M such that together with
M they span K, and fi = θ(hi)ui − μiui ∈ M, for some {hi}qi=1 in L0 and 0 = μi ∈ C. Set
Un = Kern(M). By Lemma 5.2, Un are closed subspaces of X̂n invariant for ρn.
Set ri = [2‖hi‖/|μi |] and r = m+∑qi=1 ri . Assume that Ur = {0}. Then Efir ξ = 0 for ξ ∈ Un.
Thus Eθ(hi)uir ξ = μiEuir ξ +Efir ξ = μiEuir ξ. By (5.7),
ρr−1(hi)Euir ξ = Euir ρr(hi)ξ +Eθ(hi)uir ξ = Euir ρr(hi)ξ +μiEuir ξ.
By Lemma 5.2(ii), Euir ξ ∈ Ur−1. Using (5.7), we obtain similarly that Euir−k . . .Euir ξ ∈ Ur−k−1
and
ρr−k−1(hi)Euir−k . . .E
ui
r ξ = Euir−k . . .Euir ρr (hi)ξ + (k + 1)μiEuir−k . . .Euir ξ. (5.10)
Fix i. Set A = ρr−k−1(hi)|Ur−k−1 and B = ρr(hi)|Ur . Consider the map T : C → AC − CB on
the Banach space of all bounded operators C from Ur to Ur−k−1. By Rosenblum’s theorem (see
[15, Theorem 0.12]), the spectrum Sp(T ) of T is contained in the set {α − β: α ∈ Sp(A), β ∈
Sp(B)}. By Lemma 5.1(i), max(‖A‖,‖B‖) ‖hi‖. Thus Sp(T ) lies in the circle of radius 2‖hi‖.
From this and from (5.10) it follows that, if Euir−k . . .Euir |Ur = 0, then (k + 1)μi ∈ Sp(T ), so that
(k + 1)|μi | 2‖hi‖. Hence
E
ui . . .Euir
∣∣ = 0, if k = ri . (5.11)r−k Ur
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u1
r Ur = {0}. By (5.11), 0  k1  r1.
Set Y1 = Ur, if k1 = 0, and Y1 = Eu1r−k1+1 . . .E
u1
r Ur , otherwise. Then {0} = Y1 ⊆ Ur−k1 and
E
u1
r−k1Y1 = {0}. By Lemma 5.1(iii),
E
u2
r−k1−k . . .E
u2
r−k1Y1 = E
u2
r−k . . .E
u2
r−k1E
u1
r−k1+1 . . .E
u1
r Ur = Eu1r−k1−k . . .E
u1
r−k−1E
u2
r−k . . .E
u2
r Ur .
By (5.11), there is the smallest k2, 0  k2  r2, such that Eu2r−k1−k2 . . .E
u2
r−k1Y1 = {0}. Set
Y2 = Y1, if k2 = 0, and Y2 = Eu2r−k1−k2+1 . . .E
u2
r−k1Y1, otherwise. Then {0} = Y2 ⊆ Ur−k1−k2
and Eu2r−k1−k2Y2 = {0}. Moreover, by Lemma 5.1(iii),
E
u1
r−k1−k2Y2 = E
u1
r−k1−k2E
u2
r−k1−k2+1 . . .E
u2
r−k1Y1 = E
u2
r−k1−k2 . . .E
u2
r−k1−1 . . .E
u1
r−k1Y1 = {0}.
Repeating this procedure, we obtain integers ki, 0  ki  ri , for 1  i  q, and the subspace
{0} = Yq ⊆ Ur−k1−k2−···−kq such that Euir−k1−k2−···−kq Yq = {0} for all i. Set p = r − k1 − k2 −· · · − kq. Then p m and
{0} = Yq ⊆ Up ∩
{
Ker
(
Euip
)
: 1 i  q
}= Kerp(K).
On the other hand, as Kerm(K) = {0} and p  m, we have from Lemma 5.2(iii) that
Kerp(K) = {0}. This contradiction shows that Ur = {0}. 
We shall now prove the main result of this section.
Theorem 5.4. Let X be an infinite-dimensional Banach space and L be a finite- or infinite-
dimensional Lie subalgebra of B(X). Let X0 be a closed subspace of X invariant for a Lie
subalgebra L0 of L and let (L,X0)-filtration {Xn} of X be non-trivial. If L0 is non-degenerate
in L then, for some m, {0} = Xm ⊆ X0 is a closed subspace of X invariant for L.
Proof. By (5.2), θ is non-degenerate. Theorem 2.6 implies that there are subspaces {0} = V0 ⊂
V1 ⊂ · · · ⊂ Vk = L/L0 invariant for θ such that all quotient representations θj of L0 on Vj/Vj−1
are eigen-representations. By (5.8), Ker0(Vk) = ⋂{Ker(Eu0 ): u ∈ L/L0} = {0}. As the repre-
sentation θk of L0 on Vk/Vk−1 is an eigen-representation, Proposition 5.3 implies that there
is nk−1  0 such that Kernk−1(Vk−1) = {0}. Repeating this process, we obtain n0 such that
Kern0(V0) = {0}. As V0 = {0}, we have from (5.9) that Kern0(V0) = X̂n0 . Hence X̂n0 = {0}.
Thus Xn0 is invariant for L. 
Corollary 5.5. Let X and L be as in Theorem 5.4. Let X0 be a closed subspace of X invariant
for a Lie subalgebra L0 of L⊆ B(X) and let L0 be related to L.
(i) If (L,X0)-filtration {Xn} of X is non-trivial, then L has a closed non-trivial invariant sub-
space contained in X0.
(ii) If codim(X0) < ∞ then L has a closed non-trivial invariant subspace W contained in X0
and codim(W) < ∞.
Proof. Consider Lie subalgebras L0 = L0 ⊆ L1 ⊆ · · · ⊆ Lp = L of L such that each Li is non-
degenerate in Li+1. Set Y0 = X0. As L1 ⊆ L, we have from (4.2) that (L1, Y0)-filtration {Yn}
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closed subspace Ym1 ⊆ X0 is invariant for L1. Set Z0 = Ym1 . Then Xm1 ⊆ Z0. It follows from
(4.2) that (L2,Z0)-filtration {Zn} of X satisfies Xn+m1 ⊆ Zn ⊆ Z0, for n ∈ N, so that it is non-
trivial. If p = 2 then L= L2 and, by Theorem 5.4, for some m2, the closed subspace Zm2 ⊆ X0
is invariant for L. If p > 2, repeating this, we obtain that L has a closed non-trivial invariant
subspace contained in X0. Part (i) is proved.
If X0 has finite codimension, then (L,X0)-filtration {Xn} of X is non-trivial and Ym1 has
finite codimension, so that Zm2 has finite codimension. Repeating this process, we complete the
proof. 
Remark 5.6. (1) Let L⊆ B(X), let L0 be a Lie subalgebra of L with codim(L0) < ∞, let X0
be a non-trivial closed subspace of X invariant for L0 and let (L,X0)-filtration of X be non-
trivial. Suppose that a one-dimensional subspace Cφ(e), e ∈ L, of L/L0 is invariant for all θ(h),
h ∈ L0. Then L = CeL0 is a Lie subalgebra of L.
If L0 is not a Lie ideal of L and L is related to L, then L0 is related to L. Hence L0 is related
to L and, by Corollary 5.5, L is reducible. The case when L0  L and L is related to L will be
considered in Theorem 8.1(ii).
Corollary 5.7. Let L0 be a Lie subalgebra of L⊆ B(X) and let L0 be related to L. If L0 is
operator-nilpotent (Ln0 = {0} for some n), then L is reducible.
Proof. Any operator-nilpotent Lie subalgebra L0 of B(X) has a closed invariant subspace of
codimension 1. Indeed, L0X is a proper subspace of X and each subspace containing it is invari-
ant for L0. Applying now Corollary 5.5, we complete the proof. 
In the above corollary one can consider more general condition L0X = X instead of the
condition that L0 is operator-nilpotent. It should be noted that if a Lie subalgebra L0 of L is
operator-nilpotent and has finite codimension but not related to L, then L may be irreducible as
the following example shows.
Example 5.8. Let Y be a Banach space, dim(Y ) = ∞. Then X = Y ⊕ Y is a Banach space
with norm ‖x ⊕ y‖ = sup(‖x‖,‖y‖). Let a bounded operator S on Y have no non-trivial closed
invariant subspaces. Set Ŝ = S⊕S. For a = ( a11 a12a21 a22 ) ∈ M2(C), let Aa be the operator on X acting
by the formula Aa(x ⊕ y) = (a11x + a12y)⊕ (a21x + a22y) and let A= {Aa : a ∈ M2(C)}. Then
L= C Ŝ +A is an irreducible Lie subalgebra of B(X). Set L0 = {Aa : a ∈ M2(C), a11 = a21 =
a22 = 0}. Then L0 is a Lie subalgebra of L, it is operator-nilpotent and codim(L0) = 4. However,
since A is a Lie ideal of L, L0 is not related to L.
We shall now develop a new approach to the problem of the existence of invariant subspaces
for Lie subalgebras of B(X). It will allow us to give a different proof of Theorem 5.4 and to treat
in the next section the case when L0 is a Lie ideal of L. Let {Xn} be (L,X0)-filtration of X. Then
X̂n = Xn/Xn+1 are Banach spaces with norms ‖ · ‖n. Consider the graded Banach space
X̂ =
∞⊕
X̂n =
{
x̂ = x̂−1 ⊕ · · · ⊕ x̂n ⊕ · · · : x̂n ∈ X̂n with ‖x̂‖ = sup‖x̂n‖n < ∞
}
.n=−1
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bounded operators from X̂n into X̂n−1 defined in (5.6). Denote by Eu the operators on X̂ that act
by
Eux̂ = Eu0 x̂0 ⊕Eu1 x̂1 ⊕ · · · ⊕Eunx̂n ⊕ · · · . (5.12)
It follows from Lemma 5.1 that u → Eu is a linear map from V into B(X̂), ‖Eu‖  ‖e‖, for
each e ∈ L satisfying u = φ(e), and
EvEu = EuEv for all u,v ∈ V. (5.13)
This map extends to a linear bounded map Ψ from L into B(X̂) by Ψ (e) = Eφ(e). Note that Ψ
is not, generally speaking, a Lie homomorphism.
Set V nil = {u ∈ V : Eu is nilpotent} (see (3.4)). Then M = {Eu: u ∈ V } is a linear subspace
of B(X̂) of mutually commuting bounded operators and NM = {Eu: u ∈ V nil}. Set
Yn =
(⋂{
Ker
(
Eu
)
: u ∈ V nil})∩ X̂n. (5.14)
Let V nil = {0}, dim(V nil) = p < ∞ and let {ui}pi=1 be a basis in V nil. Then (Eui )ki = 0 for
some ki . Set Ei = Eui and k = max(ki). Then EiX̂n ⊆ X̂n−1 and Eki = 0 for all i and n.
Proposition 5.9. If X̂n = {0} for some n  pk, then Ym = {0} for some m satisfying n − pk 
m n.
Proof. Take the largest m1 such that K1 = Em11 X̂n = {0}. Then 0  m1 < k and E1K1 = {0}.
Take the largest m2 such that K2 = Em22 K1 = {0}. Then 0  m2 < k and E2K2 = {0}. As E1
and E2 commute (see (5.13)), E1K2 = E1Em22 K1 = Em22 E1K1 = {0}. Repeating this process,
we obtain
{0} = Kp = Empp Kp−1 = Empp Emp−1p−1 . . .Em22 Em11 X̂n ⊆ X̂n−m1−···−mp,
for some 0mp < k, such that E1Kp = E2Kp = · · · = EpKp = {0}. As NM is the linear span
of all Ei, {0} = Kp ⊆ Yn−m1−···−mp . Setting m = n−m1 −· · ·−mp, we complete the proof. 
Let ρn, n ∈ N ∪ {−1}, be the representations of L0 on X̂n defined in (5.3), satisfying
‖ρn(h)‖ ‖h‖ for h ∈ L0. Let ρ(h) be the operator on X̂ that acts by the formula
ρ(h)̂x = ρ−1(h)̂x−1 ⊕ · · · ⊕ ρn(h)̂xn ⊕ · · · . (5.15)
Then ρ is a representation of L0 on X̂ and ‖ρ(h)‖ ‖h‖.
Let θ be the representation of L0 on V defined in (5.1). It follows from (5.7) that
ρ(h)Eu = Euρ(h) +Eθ(h)u for h ∈ L0 and u ∈ V. (5.16)
Using this approach, we will now give another proof of Theorem 5.4.
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using that θ is non-degenerate, we obtain from Corollary 3.3 that V = V nil. If all X̂n = {0} then,
by Proposition 5.9, {0} = Ym = ⋂{KerEum: u ∈ V } for some m  0, which contradicts (5.8).
Thus X̂n = {0} for some n, so Xn is invariant for L. 
6. Invariant subspaces of operator Lie algebras: the case when L0 is a Lie ideal of L
In this section we will turn to the case when L0 is a Lie ideal of L. The restriction
codim(L0) < ∞ will be dropped; instead we will only assume that dim(L0) = ∞. We will show
that if L0 has a closed invariant subspace X0 of finite codimension, then L has a non-trivial
closed invariant subspace.
Recall (see (4.3)) that Z(L) ⊆ L1 and Z(L)X ⊆ X0.
Proposition 6.1. Let L0 be a Lie subalgebra of L ⊆ B(X), let X0 be a closed subspace of X
invariant for L0 and {Xn} be (L,X0)-filtration of X. Assume that Z(L) L. Set X=⋂∞n=0 Xn.
Then
(i) Z(L)X ⊆X.
(ii) If dim(L0) = ∞, codim(L0) < ∞ and codim(X0) < ∞, then X is a non-trivial closed
subspace invariant for L.
(iii) If dim(L0) = ∞, L0  L and codim(X0) < ∞, then X is a non-trivial closed subspace
invariant for L and dim(L0/Z(L)) < ∞.
Proof. Set Z = Z(L). We have ZX ⊆ X0. If ZX ⊆ Xk, for some k  0, then, as Z  L,
LZX ⊆ [L,Z]X +ZLX ⊆ ZX +ZX ⊆ Xk.
Hence it follows from (4.2) that ZX ⊆ Xk+1. By induction, ZX ⊆ Xn for all n ∈ N. Part (i) is
proved.
Clearly, X is invariant for L. By Lemma 4.2(iv), X is closed. Since Z  L, we have from (i)
that ZX ⊆X. Let us show that X = {0}.
(ii) Since codim(L0) < ∞ and codim(X0) < ∞, it follows from Lemma 4.2(iii) that
dim(L0/Z) < ∞. As dim(L0) = ∞, Z = {0}. Hence X = {0}.
(iii) Since codim(X0) < ∞, the representation ρ−1 of L0 on X/X0 is finite-dimensional.
As L0  L, L0 = L1. Hence, by (4.3), Ker(ρ−1) = Z. Thus dim(L0/Z) < ∞. If X = {0} then
Z = {0}, so that dim(L0) < ∞ which contradicts our assumption. 
We will now show that the conditions codim(X0) < ∞ and L0  L automatically imply
Z(L) L. By Proposition 6.1(iii), this will guarantee ⋂∞n=0 Xn = {0}.
By Lemma 4.2(i), zXn ⊆ Xn+1 for z ∈ Z(L). Hence, for all n ∈ N, z defines linear operators
Fzn from X̂n−1 into X̂n by the formula
Fznτn−1(x) = τn(zx), for x ∈ Xn−1. (6.1)
Denote by Fz the operator on X̂ that acts on x̂ = x̂−1 ⊕ · · · ⊕ x̂n ⊕ · · · ∈ X̂ by the formula
Fzx̂ = 0 ⊕ Fz0 x̂−1 ⊕ Fz1 x̂0 ⊕ · · · ⊕ Fzn+1x̂n ⊕ · · · . (6.2)
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Proof. Let e ∈ L. For u = φ(e) and z ∈ Z(L), we have from (5.12) and (6.2) that
[
Fz,Eu
]̂
x = (−Eu0Fz0 )̂x−1 ⊕ (Fz0 Eu0 −Eu1Fz1 )x̂0 ⊕ · · · ⊕ (FznEun −Eun+1Fzn+1)x̂n ⊕ · · · .
As zX ⊆ X0, τ−1(zX) = 0. Since [z, e] ∈ L0, it follows from (5.4) and (6.1) that
−Eu0Fz0 τ−1(x) = −Eu0 τ0(zx) = τ−1(−ezx) = τ−1
(
(ze − ez)x)
= ρ−1
([z, e])τ−1(x), (6.3)
for x ∈ X. For x ∈ Xn, we have
(
FznE
u
n −Eun+1Fzn+1
)
τn(x) = Fznτn−1(ex) −Eun+1τn+1(zx) = τn(zex) − τn(ezx)
= τn
([z, e]x)= ρn([z, e])τn(x).
Therefore [Fz,Eu]̂x = ρ([z, e])̂x, so [Fz,Eu] = ρ([z, e]).
Since Z(L) ⊆ L2, we have [z, e] ∈ L1 = Ker(θ). Hence, by (5.16), [ρ([z, e]),Eu] =
Eθ([z,e])u = 0. Therefore it follows from the Kleinecke–Shirokov theorem (see [6]) that ρ([z, e])
is quasinilpotent. 
Let X0 be a closed subspace of X invariant for L0. We will say that X0 is maximal, if it is
not contained in a larger closed proper subspace of X invariant for L0. If X0 is not maximal and
codim(X0) < ∞, it can always be extended to a maximal invariant subspace.
In the proof of our next result we use the following extension of Engel Theorem proved in [8]:
if K is a set of nilpotent operators on a finite-dimensional space such that [k1, k2] ∈ K, for all
k1, k2 ∈ K , then Ker(K) = 0. This is why we have to impose the condition codim(X0) < ∞.
Proposition 6.3. Let X0 be a maximal closed subspace of X invariant for L0 and let {Xn} be
(L,X0)-filtration of X. If codim(X0) < ∞ and L0  L then Z(L) L.
Proof. Set Z = Z(L). As L0  L, L0 = L1. Hence, by Lemma 5.1(i),
Z = Ker(ρ−1). (6.4)
Since X0 is maximal, the representation ρ−1 of L0 on X̂−1 is irreducible. Hence the Lie al-
gebra L = ρ−1(L0) of operators on X̂−1 has no non-trivial invariant subspaces. Its subset
K = {ρ−1([z, e]): e ∈ L, z ∈ Z} consists of nilpotent operators. Indeed, since Z ⊆ L2, we have
from Proposition 6.2 that ρ([z, e]) is quasinilpotent in X̂ for e ∈ L and z ∈ Z. As X̂−1 is finite-
dimensional, each ρ−1([z, e]) is nilpotent.
Let us show that all ρ−1([z, e]) = 0. As ρ−1 is a Lie homomorphism, we have for h ∈ L0 that
[
ρ−1(h), ρ−1
([z, e])]= ρ−1([h, [z, e]])= ρ−1([[h, z], e])+ ρ−1([z, [h, e]]).
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[h, z] ∈ Z. Hence, by (6.4), ρ−1([z, [h, e]]) = 0, so that [ρ−1(h), ρ−1([z, e])] =
ρ−1([[h, z], e]) ∈ K. Thus
[a, k] ∈ K for all a ∈ L and k ∈ K. (6.5)
In particular, [k1, k2] ∈ K for all k1, k2 ∈ K. As K consists of nilpotent operators, it follows from
[8, Theorem II.2.1′] that there is 0 = ξ0 ∈ X̂−1 such that kξ0 = 0 for all k ∈ K.
Let R = {ξ ∈ X̂−1: Kξ = {0}}. Then R = {0} and, by (6.5), R is invariant for L. As L has no
non-trivial invariant subspaces, R = X̂−1. Hence KX̂−1 = {0}, so K = {0}. Thus ρ−1([z, e]) = 0
for all e ∈ L and z ∈ Z. Therefore, by (6.4), [Z,L] ⊆ Z, so that Z  L. 
The following theorem is the central result of this section.
Theorem 6.4. Let L0  L ⊆ B(X), let dim(L0) = ∞ and let L0 have a closed invariant sub-
space X0 of finite codimension. Then
(i) L has a non-trivial closed invariant subspace Y such that Y +X0 = X.
(ii) L has a Lie ideal C ⊆ L0 such that CX ⊆ Y and dim(L0/C) < ∞.
(iii) If X0 is maximal, Y can be taken as
⋂
Xn (so Y ⊆ X0) and C = Z(L,L0,X0).
Proof. If X0 is not maximal, replace it by a larger maximal closed subspace Y0 invariant
for L0. Let {Yn} be (L,Y0)-filtration of X. The closed subspace Y = ⋂Yn is invariant for L
and Y +X0 ⊆ Y0 = X. Set C = Z(L,L0, Y0). By Proposition 6.3, C  L. Applying Proposi-
tion 6.1(iii), we complete the proof. 
Remark 6.5. The closed subspace Y in Theorem 6.4 invariant for L is not, generally speaking,
finite codimensional. Indeed, let X be an infinite-dimensional Banach space such that there exists
a bounded operator e on X that has no non-trivial closed invariant subspaces (for example,X= l1
(see [17])). Let Z be a closed subspace of codimension 1 in X. Set X = X⊕ X, X0 = Z ⊕ X.
Set L= Ce ⊕ B(X) and L0 = {0} ⊕ B(X). Then L0  L and codim(L0) = 1, the subspace X0
is invariant for L0 and codim(X0) = 1, while the Lie algebra L has only two non-trivial closed
invariant subspaces {0} ⊕X and X⊕ {0}; both of them have infinite codimension.
As the following example shows, the conditions dim(L0) = ∞ and codim(X0) < ∞ in The-
orem 6.4 are crucial.
Example 6.6. Let L0  L ⊆ B(X) and let L0 have a closed invariant subspace X0. If either
dim(L0) < ∞, or codim(X0) = ∞, then L may be irreducible.
Indeed, let H and K be Hilbert spaces, dim(H) = ∞ and dim(K) < ∞. Let X = H ⊗K and
L= B(H) ⊗ C1K + C1H ⊗ B(K). Let H be a subspace of H of codimension 1. Consider the
Lie ideals B(H)⊗ C1K and C1H ⊗B(K) of L.
(i) Let L0 = B(H)⊗C1K. Then dim(L0) = ∞, the closed subspace X0 = H ⊗Ck, for each
k ∈ K, is invariant for L0 and codim(X0) = ∞;
(ii) Let L0 = C1H ⊗B(K). Then dim(L0) < ∞, the closed subspace X0 = Ch⊗K, for each
h ∈ H, is invariant for L0 and codim(X0) = ∞;
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ant for L0 and codim(X0) < ∞.
However, as the commutant of L coincides with C1X, L has no non-trivial closed invariant
subspaces.
It follows from Proposition 6.3 that if a Lie ideal of an irreducible Lie algebra has an invariant
subspace of finite codimension then it has a special simple structure.
Proposition 6.7. Let L0  L ⊆ B(X). Suppose that L0 has a maximal closed invariant sub-
space X0 such that k = codim(X0) < ∞ and ⋂Xn = {0}, where {Xn} is (L,X0)-filtration of X.
(In particular, this holds if L is irreducible.) Then
(i) L0 is isomorphic to an irreducible Lie algebra of operators on k-dimensional space.
(ii) If k = 1 then L0 = C1.
Proof. By Proposition 6.3, Z(L)  L. If ⋂Xn = {0} then, by Proposition 6.1(i), Z(L) = {0}.
By (6.4), Z(L) = Ker(ρ−1). Hence ρ−1 is a faithful representation of L0 on the k-dimensional
space X̂−1. Thus L0 is isomorphic to the Lie algebra ρ−1(L0) and, since X0 is maximal, ρ−1(L0)
has no invariant subspaces. part (i) is proved.
If k = 1, dim(L0) = 1. Hence L0 = Ca for some 0 = a ∈ L. Suppose that a = λ1 and con-
sider the Lie algebra C = L+ C1. Then C0 = L0 + C1 C, X0 is invariant for C0 and {Xn} is
also (C,X0)-filtration of X. By the above argument, dim(C0) = 1. This contradiction shows that
L0 = C1. 
7. Finite-dimensional invariant subspaces
In this section we consider the case when L0 has an invariant subspace X0 of finite dimension.
Let X∗ be the dual space of X and X⊥0 = {f ∈ X∗: f (x) = 0 for all x ∈ X0} be the annihilator
of X0 in X∗. Then X⊥0 is a closed subspace of X∗ and codim(X⊥0 ) = dim(X0) < ∞. For a ∈
B(X), denote by a∗ the conjugate operator on X∗ defined by (a∗f )(x) = f (ax) for f ∈ X∗ and
x ∈ X. Set L∗ = {a∗: a ∈ L} and L∗0 = {a∗: a ∈ L0}. As
[a, b]∗ = −[a∗, b∗], (7.1)
L∗ is a Lie subalgebra of B(X∗) and L∗0 is its Lie subalgebra. The subspace X⊥0 is invariant
for L∗0.
Theorem 7.1. Let L be a finite- or infinite-dimensional Lie subalgebra of B(X). Let a Lie subal-
gebra L0 of L have a non-trivial finite-dimensional invariant subspace X0.
(i) If codim(L0) < ∞ and the representation θ of L0 on L/L0 is non-degenerate, then L has a
finite-dimensional invariant subspace that contains X0.
(ii) If dim(L0) = ∞ and L0  L, then L has a non-trivial closed invariant subspace W . If X0
is a minimal subspace invariant for L0, then there is a non-trivial closed invariant subspace
W such that X0 ⊆ W.
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(i) Let codim(L0) < ∞ and θ be non-degenerate. By (5.2),L= L0 +[L0,L]. Hence it follows
from (7.1) that L∗ = L∗0 + [L∗0,L∗]. Therefore, by (5.2), θ∗ is non-degenerate.
Since codim(L∗0) < ∞, it follows from Theorem 5.4 that, for some m, X∗m is a closed sub-
space of X∗ invariant for L∗ and codim(X∗m) < ∞.
Let X∗∗ be the dual space of X∗ and Y be the annihilator of X∗m in X∗∗. Then Y is a subspace
of X∗∗ invariant for the Lie subalgebra L∗∗ = {a∗∗: a ∈ L} of B(X∗∗) and dim(Y ) < ∞. The
space X can be considered as a closed subspace of X∗∗ invariant forL∗∗ and a∗∗|X = a for a ∈ L.
Hence X0 ⊆ Y , as X∗m ⊆ X∗0 = X⊥0 . Therefore the finite-dimensional subspace W = Y ∩X of X
is invariant for L and X0 ⊆ W. Part (i) is proved.
(ii) Let dim(L0) = ∞ and L0  L. Then dim(L∗0) = ∞ and, by (7.1), L∗0  L∗. We may as-
sume that X0 is the minimal subspace invariant for L0. Then X⊥0 is a maximal subspace invariant
for L∗0 and codim(X⊥0 ) < ∞. Hence it follows from Theorem 6.4 that L∗ has a non-trivial closed
invariant subspace Y =⋂X∗n. Then the annihilator Y⊥ of Y in X∗∗ is a closed subspace invari-
ant for the Lie algebra L∗∗. Consider X as a closed subspace of X∗∗ invariant for L∗∗. Then
a∗∗|X = a, for a ∈ L, and X0 ⊆ Y⊥, as Y ⊆ X∗0 = X⊥0 . Hence the subspace W = Y⊥ ∩ X of X
is invariant for L and X0 ⊆ W. Thus W = {0}.
We have that X is dense in X∗∗ in the σ(X∗∗,X∗) topology. On the other hand, Y⊥ is closed in
X∗∗ in the σ(X∗∗,X∗) topology and {0} = Y⊥ = X∗∗. Therefore X  Y⊥. Hence W = X. 
Remark 7.2. As Example 6.6(ii) shows, if dim(L0) < ∞ in Theorem 7.1(ii), then L can be
irreducible.
Corollary 7.3. Let L be a finite- or infinite-dimensional Lie subalgebra of B(X). Let a Lie
subalgebra L0 of L have a non-trivial finite-dimensional invariant subspace X0. If L0 is related
to L, then L has a finite-dimensional invariant subspace that contains X0.
Proof. As L0 is related to L, there are Lie subalgebras L0 = L0 ⊆ L1 ⊆ · · · ⊆ Lp = L of L such
that the representations θi, 0  i  p − 1, of Li on Li+1/Li are non-degenerate. Apply now
Theorem 7.1(i) to each pair (Li ,Li+1). 
8. Combined cases. Invariant subspaces of associative operator algebras and semigroups
8.1. Combined cases
In this subsection we shall combine the results of Sections 5–7.
Theorem 8.1. Let L0 ⊆ L ⊆ L be Lie subalgebras of B(X) and let dim(L0) = ∞. Suppose that
L0 has a closed invariant subspace X0.
(i) Let L0 be related to L and L L. If codim(X0) < ∞ or dim(X0) < ∞ then L is reducible.
(ii) Let L0  L, let codim(L0) < ∞ and L be related to L. If codim(X0) < ∞ and L0 has no
operator-nilpotent Lie ideals of finite codimension (see Section 4), then L is reducible.
Proof. (i) As L0 and L are related, it follows from Corollaries 5.5 and 7.3 that L has a non-trivial
closed invariant subspace of finite codimension (respectively, of finite dimension). As L L and
dim(L) = ∞, we have from Theorems 6.4 and 7.1(ii) that L is reducible.
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that L has a non-trivial closed invariant subspace Y0 and a Lie ideal C contained in L0 such that
CX ⊆ Y0 and dim(L0/C) < ∞.
If dim(Y0) < ∞ then, as L is related to L, it follows from Corollary 7.3 that L has a finite-
dimensional invariant subspace.
Let dim(Y0) = ∞. As codim(L0) < ∞ and dim(L0/C) < ∞, we have codim(C) < ∞. Set
C0 = C and consider C0-filtration {Cn} of L. By Corollary 4.4(iii), codim(C1) < ∞, so that
C1 = {0}. As C1X ⊆ CX ⊆ Y0, we have C1 ⊆ Z(L,C0, Y0). We also have [C1,L0] ⊆ [C0,L0] ⊆
C0 and [[C1,L0],L]⊆ [C1, [L0,L]]+ [[C1,L],L0]⊆ [C1,L] + [C0,L0] ⊆ C0.
Hence [C1,L0] ⊆ C1, so that C1  L0. As the Lie ideal C1 is not operator-nilpotent on X, we have
that, for any n  1, {0} = Cn+11 X = Cn1 (C1X) ⊆ Cn1Y0. Therefore, by Corollary 4.5(ii), (L,Y0)-
filtration {Yn} of X is non-trivial. As Y0 is invariant for L and L is related to L, we obtain from
Corollary 5.5 that L is reducible. 
Problem 1. Let L0 be a Lie subalgebra of L⊆ B(X) of finite codimension and dim(L0) = ∞.
Assume that there is L such that L0  L and L  L. If L0 has a closed invariant subspace of
finite codimension or dimension, is L always reducible?
Note that it follows from Theorems 6.4 and 7.1(ii) that in the conditions of Problem 1 L
has a closed non-trivial invariant subspace W. However, W may have infinite codimension and
dimension.
Let L0 be a Lie subalgebra of B(X). Set Nor(L0) = {A ∈ B(X): [A,L0] ⊆ L0}. Then
Nor(L0) is a Lie subalgebra of B(X) and L0  Nor(L0). A closed subspace Y of X is superin-
variant for L0 if it is invariant for Nor(L0). Corollary 6.4 and Theorem 7.1(ii) yield
Corollary 8.2. Let L0 be a Lie subalgebra of B(X) and dim(L0) = ∞. If L0 has a closed
invariant subspace X0 of finite codimension (respectively, finite dimension), then it has a non-
trivial superinvariant subspace W such that W ⊆ X0 (respectively, W ⊇ X0).
The example below shows that the conditions codim(X0) < ∞ and, respectively,
dim(X0) < ∞ in Corollary 8.2 cannot be dropped.
Example 8.3. (Theorems 4.2 and 4.3(ii) of [9].) Let H be an infinite-dimensional Hilbert space
and S be a closed unbounded self-adjoint operator on H with domain D(S) dense in H. Let
A(S) be the associative subalgebra of B(H) of all operators A such that AD(S) ⊆ D(S) and that
the operator [S,A] on D(S) extends to a bounded operator [S,A] on H. Set X = H ⊕H,
E =
(
0 1H
0 0
)
, L0 =
{(
A i[S,A]
0 A
)
: A ∈A(S)
}
,
Xt =
{(
iSx + tx
x
)
: x ∈ D(S)
}
for t ∈ C. Then L0 is an associative subalgebra of B(X), Nor(L0) = L0  CE and L0 is a Lie
ideal of codimension 1 in Nor(L0). Non-trivial invariant subspaces of L0 are H ⊕{0} and all Xt,
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neither contains, nor is contained in any subspace Xt .
8.2. Operator Lie algebras with Lie subalgebras of small codimension
In order to illustrate the situation we will consider Lie algebras of operators with Lie subalge-
bras L0 satisfying codim(L0) 3.
Corollary 8.4. Let L be a finite- or infinite-dimensional Lie subalgebra of B(X). Let L0 be a
Lie subalgebra of codimension 1 in L and let L0 have a non-trivial closed invariant subspace of
finite codimension (respectively, dimension).
(i) If L0  L, then L has a non-trivial closed invariant subspace of finite codimension
(respectively, dimension).
(ii) If L0  L and dim(L0) = ∞, then L is reducible.
Proof. If L0  L, the representation θ of L0 on L/L0 is non-degenerate and (i) follows from
Theorems 5.4 and 7.1(i). Part (ii) follows from Theorems 6.4 and 7.1(ii). 
Set L = L0 + [L0,L]. Then L0 ⊆ L ⊆ L. If dim(L/L0) = 1 then L is a Lie subalgebra of L.
Corollary 8.5. Let codim(L0) = 2 and let L0 have a non-trivial closed invariant subspace of
finite codimension (respectively, dimension).
(i) If L0 = L and dim(L0) = ∞, then L is reducible.
(ii) Let dim(L/L0) = 1.
(1) If L0  L and L  L, then L has a non-trivial closed invariant subspace of finite codi-
mension (respectively, dimension).
(2) If L0  L, L L and dim(L0) = ∞, then L is reducible.
(3) If L0  L, L  L, dim(L0) = ∞ and L0 has no operator-nilpotent Lie ideals of finite
codimension (see Section 4), then L is reducible.
(iii) If L = L then L has a non-trivial closed invariant subspace of finite codimension
(respectively, dimension).
Proof. Part (i) follows from Theorems 6.4 and 7.1(ii). In (ii)(1) and (iii) L0 is related to L, so
that their proofs follow from Corollaries 5.5 and 7.3. In (ii)(2) L0 is related to L and in (ii)(3) L
is related to L. Hence their proofs follow from Theorem 8.1. 
If dim(L0) < ∞ in Corollary 8.5(ii)(2), then L may be irreducible. Indeed, if in Example 5.8
L =A and L0 = {Aa : a ∈ M2(C), a21 = 0}, then codim(L0) = 2, L0 has a non-trivial closed
invariant subspace of finite codimension, L0 is related to L and L L. However, dim(L0) = 3 <
∞ and L is irreducible.
We will now briefly consider the case when codim(L0) = 3 and L0 has a non-trivial closed
invariant subspace of finite codimension or dimension.
1. Let L0 = L. Then L0  L. If dim(L0) = ∞, it follows from Theorems 6.4 and 7.1(ii) that L
is reducible.
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(i) If L0  L, then, by Corollary 8.4(i), L has a non-trivial closed invariant subspace of finite
codimension or dimension. As codim(L) = 2, the problem is reduced to the case considered in
Corollary 8.5.
(ii) If L0  L and dim(L0) = ∞ then, by Corollary 8.4(ii), L has a closed non-trivial invari-
ant subspace Y . If Y has finite codimension or dimension, the problem is reduced to the case
considered in Corollary 8.5. Otherwise, the problem is open.
3. Let dim(L/L0) = 2. If L is a Lie subalgebra of L, then in Corollary 8.5 we have various
conditions when L has a closed non-trivial invariant subspace Y. If Y has finite codimension or
dimension then, by Corollary 8.4, L is reducible.
4. If L = L then L0 and L are related, so that L has a non-trivial closed invariant subspace of
finite codimension or dimension.
8.3. Invariant subspaces of associative algebras and semigroups of operators
The situation turns out to be much simpler if instead of a Lie algebra with a reducible Lie
subalgebra of finite codimension one considers an associative algebra A of operators with a re-
ducible subalgebra A0 of finite codimension or such that A is finitely generated as a module over
A0. In this subsection we will obtain several (possibly known) results about invariant subspaces
of A.
If I = {0} is a reducible two-sided ideal of A, then (see [22, Lemma 5]) A is reducible.
Indeed, if Y is a non-trivial subspace invariant for I, the closed subspaces IY and Ker(I ) are
invariant for A. At least one of them is non-trivial, since Ker(I ) = X and, if Ker(I ) = {0} then
{0} = IY ⊆ Y = X.
Proposition 8.6. Let A be an associative subalgebra of B(X) and let A0 be a reducible subal-
gebra of A. If dim(A/A0) < ∞ then A is reducible.
Proof. Let dim(A) < ∞. For each x /∈ Ker(A), Ax is a non-trivial, finite-dimensional invariant
subspace of A.
Let dim(A) = ∞. As dim(A/A0) < ∞, it follows from [12, Lemma 2.1] that A0 contains
a two-sided ideal I of A such that dim(A/I) < ∞. Thus I = {0}. Since A0 is reducible, I is
reducible. By the argument before the proposition, A is reducible. 
We will now consider the case when an associative algebra A is finitely generated as a module
over a reducible subalgebra.
Proposition 8.7. Let A0 be a subalgebra of an associative algebra A ⊆ B(X) and let X0 be a
non-trivial closed subspace invariant for A0.
(i) Suppose that there are e1, . . . , en in B(X) such that A ⊆∑ni=1A0ei . If codim(X0) < ∞,
then A has a closed invariant subspace X1 ⊆ X0 with codim(X1) < ∞.
(ii) Suppose that there are e1, . . . , en in B(X) such that A⊆∑ni=1 eiA0. If dim(X0) < ∞, then
A has a closed invariant subspace X1 with dim(X1) < ∞ and X0 ⊆ X1.
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subspace of X0. For x ∈ X1 and b ∈A, a(bx) = (ab)x ∈ X0 for all a ∈A. Hence bx ∈ X1, so
that X1 is invariant for A. The closed subspaces Li = {x ∈ X0: eix ∈ X0} have finite codimen-
sion in X0 and, hence in X. Therefore Y =⋂Li has finite codimension in X. As eiY ⊆ X0, we
have AY ⊆∑i A0eiY ⊆A0X0 ⊆ X0 whence Y ⊆ X1. Hence codim(X1) < ∞.
(ii) The subspace X1 = X0 + AX0 is invariant for A and contains X0. Since X1 ⊆ X0 +
(
∑n
i=1 eiA0)X0 ⊆ X0 +
∑n
i=1(eiX0), we have that X1 is finite-dimensional. 
We will apply now Proposition 8.7 to the Invariant Subspace problem for semigroups of
bounded operators (see the excellent discussion of this subject in [16]). For semigroups con-
taining compact operators, we refer the reader to [18,21].
Corollary 8.8. Let H be a subsemigroup of a semigroup G ⊂ B(X). Let H have a non-trivial
closed invariant subspace X0.
(i) If codim(X0) < ∞ and there are e1, . . . , en ∈ B(X) such that G ⊆ H ∪He1 ∪ · · · ∪Hen,
then G has a closed invariant subspace X1 ⊆ X0 with codim(X1) < ∞.
(ii) If dim(X0) < ∞ and there are e1, . . . , en ∈ B(X) such that G ⊆H ∪ e1H ∪ · · · ∪ enH, then
G has a closed invariant subspace X1 with dim(X1) < ∞ and X0 ⊆ X1.
Proof. Let A = span(G), A0 = span(H). Then A ⊆ ∑ni=1A0ei in (i) and A ⊆ ∑ni=1 eiA0
in (ii). It only remains to apply Proposition 8.7. 
9. Lie ideals in Banach Lie algebras
In this section we consider infinite-dimensional complex Banach Lie algebras. Recall that a
complex Lie algebra L is called a Banach Lie algebra, if it is a Banach space in some norm ‖ · ‖
that satisfies ∥∥[a, b]∥∥D‖a‖‖b‖ for some D > 0 and all a, b ∈ L. (9.1)
For example, closed Lie subalgebras of B(X) are Banach Lie algebras.
Throughout this section we assume that L has a proper closed Lie subalgebra L0 of finite
codimension and study the question when L has Lie ideals. We will write L0  L when L0 is a
closed Lie ideal of L. Set
M= ad(L) and M0 = ad(L0).
Then M0 ⊆M⊆ B(L) and dim(M/M0) dim(L/L0); whence either M0 =M, or M0 has
finite non-zero codimension in M. If the representation θ of L0 on L/L0 is non-degenerate then,
by (5.2), L= L0 + [L0,L]. As ad([a, b]) = [ad(a), ad(b)], we have
M=M0 + [M0,M].
Hence, if M0 = M then the representation of M0 on the quotient space M/M0 is non-
degenerate. It implies that if L0 is related to L, then M0 is related to M.
The next result gives a partial answer to the question raised in [10].
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contained in L0.
Proof. Set X = L and X0 = L0. If M0 =M, L0 is the required Lie ideal. If M0 =M, then
M0 is related to M⊆ B(X), X0 is invariant for M0 and codim(X0) < ∞. By Corollary 5.5(ii),
there is a non-trivial closed subspace W of X0 invariant for M and codim(W) < ∞. Hence W
is the required Lie ideal. 
Amayo showed in Lemma 2.2(c) of [1] that, if L is a finite-dimensional Lie algebra over
field of characteristic 0 and codim(L0) = 1, then L0 contains a Lie ideal K of L such that
dim(L/K)  3. The extension of this result to Banach Lie algebras obtained in [10] is an easy
consequence of Corollary 9.1.
Corollary 9.2. Let L0 be a closed Lie subalgebra of L and let codim(L0) = 1. Then L0 contains
a closed Lie ideal K of L such that codim(K) 3.
Proof. If L0 is not a Lie ideal of L then L0 is non-degenerate in L. By Corollary 9.1, L has a
closed Lie ideal W of finite codimension contained in L0. Applying the result of Amayo stated
above to L/W , we obtain that L0 contains a closed Lie idealK of L such that codim(K) 3. 
Let us show now that the above result extends to the case when codim(L0) = 2.
Corollary 9.3. Let L0 be a closed Lie subalgebra of L and codim(L0) = 2. Then L has
a non-trivial closed Lie ideal K of finite codimension. Moreover, if L0 + [L0,L] = L then
codim(K) 3.
Proof. If L0  L, the result holds. Let L0  L. Set L = L0 + [L0,L]. Then L = L0.
If L = L then L0 and L are related. By Corollary 9.1, L has a closed Lie ideal of finite
codimension contained in L0.
Let L = L. Since codimension of L0 in L is 1, [L,L] = [L0,L] ⊆ [L0,L] ⊆ L. Thus L is a
Lie subalgebra of L. Since codim(L) = 1, the result follows from Corollary 9.2. 
Let codim(L0) = 3 and set L = L0 +[L0,L]. If L0 is not a Lie ideal of L, then either L = L,
or codim(L) = 2, or codim(L) = 1.
If L = L then L0 is related to L and, by Corollary 9.1, L0 contains a Lie ideal of L of finite
codimension. Let codim(L) = 2. As L0 is closed and has codimension 1 in L, L is a closed Lie
subalgebra. By Corollary 9.3, L has a non-trivial closed Lie ideal of finite codimension.
Let codim(L) = 1. If L is a Lie algebra, then, by Corollary 9.2, L has a non-trivial closed Lie
ideal of finite codimension. However, if L is not a Lie algebra, the question is open.
Problem 2. Let 3 codim(L0) < ∞. Does L always have a Lie ideal of finite codimension?
We will consider now examples of Banach Lie algebras L with closed Lie subalgebras L0 of
finite codimension such that L has non-trivial closed Lie ideals but none of them lies in L0. Let
L be a closed Lie subalgebra of the algebra B(X) of all bounded operators on a Banach space X.
Denote by L the direct sum L= L⊕X and endow it with the following binary operation:[
(a;x), (b;y)]= ([a, b];ay − bx), for a, b ∈ L and x, y ∈X. (9.2)
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Banach space with respect to the norm ‖(a;x)‖ = max{‖a‖,‖x‖}. Note that L is a Banach Lie
algebra, as
∥∥[(a;x), (b;y)]∥∥= ∥∥([a, b];ay − bx)∥∥max{2‖a‖‖b‖,‖a‖‖y‖ + ‖b‖‖x‖}
 2 max
{‖a‖,‖x‖}max{‖b‖,‖y‖}= 2∥∥(a;x)∥∥∥∥(b;y)∥∥.
Lemma 9.4. Let a closed Lie subalgebra L ⊆ B(X) be irreducible. Then each closed non-zero
Lie ideal of the Banach Lie algebra L = L ⊕ X is of the form K = L0 ⊕ X, where L0 is a Lie
ideal of L.
Proof. Set Y = {y ∈ X: (0;y) ∈ K}. Then Y is a linear subspace of X. Let 0 = (a;x) ∈ K. If
a = 0 then 0 = x ∈ Y. If a = 0 then, by (9.2), [(a;x), (0; z)] = (0;az) ∈ K for all z ∈ X. Thus
Y = {0}. As K is closed, Y is closed. For all y ∈ Y and a ∈ L, [(a;0), (0;y)] = (0;ay) ∈ K.
Hence ay ∈ Y, so Y is invariant for L. Thus Y = X. Hence {0} ⊕ X ⊆ K which concludes the
proof. 
Corollary 9.5. Let a closed Lie subalgebra L of B(X) be irreducible (for example, let X =
l1 and L = Ce, where e is a bounded operator on X that has no non-trivial closed invariant
subspaces (see [17])). Then, for each closed subspace Y  X, L0 = {(0;y): y ∈ Y } is a closed
Lie subalgebra of the Banach Lie algebra L= L⊕X and 2 codim(L0) = codim(Y )+dim(L).
However, L0 contains no non-trivial closed Lie ideals of L.
Suppose that L0 ⊆ L ⊆ B(X), L0 has an invariant subspace X0 of finite codimension and
codim(L0) < ∞, but L0 is not related to L. In Example 5.8 we considered the case when
dim(L0) < ∞ and L is irreducible. Below we consider an example when dim(L0) = ∞ and
L is reducible, but its invariant subspaces do not lie in X0 (cf. Corollary 5.5).
Example 9.6. Let X = l1, let e be a bounded irreducible operator on X and let Y be a
proper closed subspace of X of finite codimension. As above, consider the Banach Lie alge-
bra L= Ce ⊕X. Then L0 = {0} ⊕ Y is a closed Lie subalgebra of L of finite codimension and
dim(L0) = ∞. Since L0 is contained in the Lie ideal {0} ⊕X of L, it is not related to L.
As Ker(ad) = {0}, L is isomorphic to the Lie subalgebra ad(L) of the algebra of all bounded
operators on the Banach space X = L. Then the Lie subalgebra ad(L0) of finite codimension
in ad(L) has a closed invariant subspace X0 = L0 of finite codimension in X. By Lemma 9.4,
ad(L) has only one non-trivial closed invariant subspace {0} ⊕X and it does not lie in X0.
We will now consider various cases when L0 contains a closed Lie subalgebra K0: K0 ⊆
L0 ⊆ L.
Corollary 9.7. Let L0 be related to L and let K0  L0.
(i) If dim(L/K0) < ∞, then L has a closed Lie ideal of finite codimension in K0.
(ii) If dim(K0) < ∞, then L has a finite-dimensional Lie ideal that contains K0.
Proof. Set X = L and X0 =K0. Then the Lie subalgebra M0 = ad(L0) is related to M= ad(L)
or M0 =M; and X0 is invariant for M0. The case M0 =M is evident.
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a closed subspace W of X0 invariant for M and codim(W) < ∞. Hence W is the required Lie
ideal.
(ii) If dim(K0) < ∞ then dim(X0) < ∞. We have from Corollary 7.3 that M has an invariant
subspace W,X0 ⊆ W and dim(W) < ∞. Hence W is the required Lie ideal. 
Corollary 9.8. Let L0 be a closed, non-commutative Lie ideal of L and dim(L0) = ∞. Then L
has a non-trivial closed Lie ideal K L0 in the following cases:
(i) L0 contains a proper closed Lie subalgebra K0 related to L0;
(ii) L0 contains a proper closed Lie ideal K0 and dim(L0/K0) < ∞;
(iii) L0 contains a proper closed Lie ideal K0 and dim(K0) < ∞.
Proof. Let C be the center of L0. As L0 is non-commutative, C = L0. If C = {0}, then K= C is
the required Lie ideal of L. Indeed, as L0 is a Lie ideal of L,
[[C,L],L0]⊆ [C, [L,L0]]+ [[C,L0],L]= {0}.
Assume now that C = {0}. Set X = L0, N = ad(K0)|X, N0 = ad(L0)|X and N = ad(L)|X ⊆
B(X). Then dim(X) = dim(N0) = ∞, N0 N and X0 =K0 = X is a closed subspace.
(i) The subspace X0 is invariant for N and codim(X0) < ∞. As N is related to N0, it
follows from Corollary 5.5(ii) that there is a closed subspace W of X0 invariant for N0 and
codim(W) < ∞. Applying now Theorem 6.4(i), we obtain that N has a non-trivial closed invari-
ant subspace K. Hence K is a Lie ideal of L and K L0.
(ii) The subspace X0 is invariant forN0 and codim(X0) < ∞. AsN0 N and dim(N0) = ∞,
it follows from Theorem 6.4(i) that N has a non-trivial closed invariant subspace K of X. Hence
K is a closed Lie ideal of L and {0} =K L0.
(iii) The subspace X0 is invariant for N0 and dim(X0) < ∞. Replacing the pair L0  L in
Theorem 7.1(ii) by N0  N , we obtain that there is a non-trivial closed subspace K invariant
for N . Hence K is a Lie ideal of L. 
A linear map δ on L is a bounded derivation if there is C > 0 such that ‖δ(a)‖ C‖a‖, for all
a ∈ L, and δ([a, b]) = [δ(a), b] + [a, δ(b)], for a, b ∈ L. Denote by D(L) the set of all bounded
derivations on L. A Lie ideal of L is called characteristic if it is invariant for all δ ∈D(L).
Theorem 9.9. Let L be an infinite-dimensional, non-commutative Banach Lie algebra and L0
be a non-trivial closed Lie subalgebra of L. Then L has a non-trivial closed characteristic Lie
ideal W if one of the following conditions holds:
(i) L0 is related to L.
(ii) L0  L and codim(L0) < ∞.
(iii) L0  L and dim(L0) < ∞.
Proof. Replacing (K0,L0,L) in Corollary 9.8 by (L0,L,D(L)), we obtain the proof of the
theorem. 
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codimension but no characteristic ideals. For example, if L is commutative then each closed
subspace of L is a Lie ideal and each bounded operator on L is a derivation.
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